MODULE-4
JOINT PROBABILITY DISTRIBUTIONS

Joint Probability Distribution

If X andY are two discrete random variables, we define the joint probability
function of X andY by P(X = x,Y = y) = f(x,y) where f(x,y) satisfy the conditions
f(x;Y) 2 O andeny(x;)’) = 1

Suppose X = {x1,%3, ..., X} and Y = {y4, y,, ...., ¥ } then,
P(X =x;,Y = yj) = f(x;,y;) is denoted by J;; .
Expectation, Variance, Covariance and Correlation

If X is a discrete random variable taking values x4, x5, ...., X;,, having probability
function f(x) then,

The expectation of X is denoted by uy = E(X) = Yy x;f ()

The Variance of X is denoted by V(X) = ¥, x?f(x;) — u? , where p is the mean of X.
V= EX?) - i}

The Standard deviation of X is denoted by ay = /V(X)

If X and Y are two discrete random variables having the joint probability distribution
f(x,y) then the expectation of X and Y are defined as

e = ECO = ) xf ()

l

py = E) = ) 90
j

and E(XY) =X, xiyjlij
If X and Y are random variables having mean px[orE(X)] and py[orE(Y)] respectively,
then the covariance of X and Y are defined as
Cov(X,Y) = E(XY) — E(X)E(Y)

Cov(X)Y)

The correlation of X and Y denoted by p(X,Y) is given by p(X,Y) = where

X0y
og = E(X?) — i, of =E(Y?) —pf
Note: If X and Y are independent random variables then
i) EXY)=EX)E)
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i) Cov(X,Y)=0 andp(X,Y)=0

Problems

1. The joint distribution of two random variables X and Y is as follows

Compute the following
i) E(X) and E(Y) ii) E(XY) iii) oy and oy iv) Cov(X,Y) v)p(X,Y)

Sol: The distribution ( marginal distribution ) of X and Y is as follows.

Y > -4 2 7 f(x)
Xl
1 1 1 1 1+1+1 1
8 4 8 8 4 8 2
5 1 1 1 1+1+1 1
4 8 8 48 8 2
9oy 1+1_3 1 1 3 1 1 1 1
8 4 8 4 8 8 | 8 8 4

Distribution of X

f(x) 1

1
2 2

Distribution of Y
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gop 3 3 1
8 8 4
) EX) = Xixif(x:) E(Y)=2;y90))
) = (3)+©®) () B =0 (5)+ @)+ ()
E(X)=%+; E(Y)=—§+Z+£
Thus, E(X) = py = 3 EY)=py =1

i) E(XY) = X, ; x:yi)ij

£ = W9 (5)+ 0@ () + 00 (5) + O (5) + ©@ (5) + OO (3)

E(XY) = —%+%+%—5+%+%
Thus, E(XY) =~
iii) 0f = E(X?) — u} D o =E(W®) -}
Now, E(X?) = %, xZ f (x;) E(Y?) =Xy f )
Ex?) =02 (3)+6(3) EC?) = (-0 (5)+@(3)+0n(3)
E(X?) =13 E(y?) =2
o gf =13 —37 ; of =22 -1
og =4 ; of = 74—5
oy =2 : oy = 4.33

iv) Cov(X,Y) = E(XY) — E(X)E(Y)

Cov(X,Y) =2 - (3)(1)

3
Cov(X,Y) = —=

2
__ Cov(X)Y)
v) p(X,Y) = aP—
_3
pX,Y) = ——2

(2)(4.33)

p(X,Y) = —0.1732
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2. The joint probability distribution table for two random variables X and Y is as follows

Y - -2 -1 4 5
X1
1 0.1 0.2 0 0.3
2 0.2 0.1 0.1 0

Determine the marginal distributions of X and . Also compute i) Expectations of X, Y and XY
i1) Standard deviations of X, Y 1iii) Covariance of X and Y iv) correlation of X and Y. Further
verify that X and Y are dependent random variables. Also find P(X +Y > 0).

Sol: Marginal distribution of X

£(x)) 0.6 0.4

Marginal distribution of Y

0.3 0.3 0.1 0.3

g
) EX)=Xixf(x;)
E(X) = (1)(0.6) + (2)(0.4)
E(X)=0.6+0.8

EY)=X;yi90))
E(Y) = (=2)(0.3) + (=1)(0.3) + (4)(0.1) + (5)(0.3)
E(Y)=—0.6—03+ 0.4+ 15

Thus, E(X) = uy = 1.4 EY)=u, =1

E(XY) = Z xiYilij
iLJj
E(XY) = (1)(=2)(0.1) + (1D(=1)(0.2) + (1)(4)(0) + (1)(5)(0.3) + (2)(—=2)(0.2)
+ (2)(=1)(0.1) + (2)(4)(0.1)

+(2)(5)(0)
E(XY)=-02—-024+0+15-08—-02+08+0
Thus, E(XY) = 0.9
i) of = E(X?) — ug ; of =E(Y?) — u?

Now, E(X?) = Xy x2f (x;) EY?) =%;y/90)
TR
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E(X?) = (1%2)(0.6) + (2%)(0.4) E(Y?) = ((-2)2)(0.3) + ((-1)2)(0.3) + (4%)(0.1) +

(5%(0.3)
E(X?) =22 E(Y?) =10.6
noof =22 (1.4)2 ; oy =10.6 — 12
of = 0.24 ; of =9.6
ox = 0.49 ; oy = 3.1

iii) Cov(X,Y) = E(XY) — E(X)E(Y)
Cov(X,Y) = 0.9 — (1.4)(1)
Cov(X,Y) =-0.5

. __ Cov(X)Y)
iv) p(X,Y) = e
-05
pX,Y) = (0.49)(3.1)
p(X,Y) =-0.3

If X and Y are independent random variables we must have f (x;). g(yj) = Jij

It can be seen that f(x;).g(y,) = (0.6)(0.3) = 0.18 and J;; = 0.1 ie., f(x).9(y;) #J;
Similarly for others also the condition is not satisfied.
Hence we conclude that X and Y are dependent random variables.
We have, X = {x;} = {x1, x5} = {1,2} respectively.
Y = {yj} = {y1, V2 V3, Va} = {—2,—1,4,5} respectively.
Also, J;; =01, J;,=02, Ji3=0 , J;,=03
J21=02, J5=01, J;3=01 , J;=0
X+Y >0 ispossible when (X,Y) take the values
(x,y3) = (L4) 5 (xpys) = (15) 5 (x2,¥2) = (2,—1) 5 (x2,¥3) = (24) and
(x2,¥4) = (2,5)
Hence ,P(X +Y > 0) = Ji3+ J1a + )22 + Jo3 + Joa
PX+Y>0))=0+03+01+01+0
Thus, P(X+Y >0)=0.5
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3. Suppose X and Y are independent random variables with the following respective
distribution, find the joint distribution of X and Y. Also verify Cov(X,Y) = 0.

fGx) 07 03

0.3 0.5 0.2

9()

Sol: Since X and Y are independent, the joint distribution J(x,y) is obtained by using the
definition f(xl)g(y]) = ]l]

Ji; are obtained on multiplication of the marginal entries.

From the given data , the required J;; is found
Ji1 = f(x1).g(y1) = (0.7)(0.3) = 0.21
J12 = f(x1).g(y2) = (0.7)(0.5) = 0.35
J1s = f(x1).g(y3) = (0.7)(0.2) = 0.14
Jor = f(x2). g(y1) = (0.3)(0.3) = 0.09
J22 = f(x5). g(y3) = (0.3)(0.5) = 0.15
Jas = f(x2). g(y3) = (0.3)(0.2) = 0.06

The joint distribution table is as follows

Y > -2 5 8 f(x)
X1
1 0.21 0.35 0.14 0.7
2 0.09 0.15 0.06 0.3
g(yj) 0.3 0.5 0.2 1

We have Cov(X,Y) = E(XY) — E(X)E(Y)

E(X) = Xixif(x;) EY)=X;yi90))
T
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E(X) = (1)(0.7) + (2)(0.3) E(Y) = (-2)(0.3) + (5)(0.5) + (8)(0.2)
E(X)=0.7+0.6 E(Y)=-06+25+1.6

Thus, E(X) = uy = 1.3 E(Y)=pu, =35

E(XY) = Z xiYjlij
ij

EXY) = (1)(—2)(0.21) + (1)(5)(0.35) + (1)(8)(0.14) + (2)(—2)(0.09) + (2)(5)(0.15) + (2)(8)(0.06)

E(XY)=-042+1.75+1.12—-0.36 + 1.5 + 0.96

Thus, E(XY) = 4.55

Hence Cov(X,Y) = 4.55 - (1.3)(3.5) =0

Thus the result Cov(X,Y) = 0 for independent random variables X and Y is verified.

4. X and Y are independent random variables. X take values 2,5,7 with probability
1/2 , 1/4 , 1/4 respectively. Y take values 3,4,5 with the probability 1/3 , 1/3 , 1/3 .
1)  Find the joint probability distribution of X and Y
i1)  Show that the covariance of X and Y is equal to zero.
iii)  Find the probability distribution of Z = X + Y
Sol: Given

f(x) 1/

9(v)

i) We have J;; = f(xl-).g(y]-) where i,j = 1,2,3

Jin = FO)-gO) =15 /3 =1/ Jiz = FO)- 9O =15 Y3 =Yg

Jis = f(x1).9(y3) = 1/2-1/3 = 1/6 J21 = f(x2). g(y1) = 1/4-1/3 = 1/12
Jo2 = f(2)-92) = Yy 13 = Y1, Jos = f(x2)-9(s) = Yy 13 = Y1,
Ja1 = f(x3).g(y1) = 1/4-1/3 = 1/12 Jaz = f(x3). g(y2) = 1/4-1/3 = 1/12

Jss = f(x2).9(v3) = 1/, /3 =1/,
TR
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The joint distribution table is as follows

Y > 2 4 5 f(x)
X1
2 1 1 1 1,
> Y12 Y12 Y12 Y4
L Y1z Y12 Y12 Y4
9() 3 s 13 !

ii) We have Cov(X,Y) = E(XY) —E(X)E(Y)

EX) = Xixif(x) EY)=2%;v,90))

EX) = (2)(1/2) + (5)(1/4) + (7)(1/4) EY) = (3)(1/3) + (4)(1/3) + (5)(1/3)

E(X)=4 E(Y)=4

Thus, E(X) = uy = 4

E(XY) = 2 xi¥ilij
ij

EQY) = @23)(Ye) + @@ (Ye) + @) (Yg) + 5)B)(Y12) + B) D (Y/12) + ®IE)(Y12) + DB(Y12) + D@ (Y12) + DE)N(Y12)

E(XY) =16

EY)=u =4

Thus, E(XY) = 16

Thus, Cov(X,Y) = 16 — (4)(4) = 0

H)Z=X+Y

Let z; =x; +y; and hence {z;} = {5,6,7,8,9,10,11,12}

The corresponding probabilities are ,

Ye Yo Yo Y12 Yz Yo+ Yz Yo Yz

The probability distribution of Z = X + Y is as follows
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P(2) Ye Y Y Y2 Y2 YViatYVi2=Ye Y12 Y12

We note that ), P(Z) = 1.

5. The joint probability distribution of two discrete random variables X and Y is given by
f(x,y) = k(2x + y) where x and y are integers suchthat 0 < x <20 <y < 3.

1) Find the value of the constant k.

i1) Find the marginal probability distributions of X and Y.

ii1) Show that the random variables X and Y are dependent.

iv) Compute E(X)E(Y), E(XY)

v) Compute E(X?2),E(Y?)

vi) Compute oy, gy

vil) Find PX =1,Y =2) ,P(X =2,Y =1)

viii) Find P(X > 1,Y < 2) ,P(X + Y > 2)

Sol: X ={x;}={0,1,2} and Y ={y;} ={0,1,2,3}

f(x,y) = k(2x + y) and the joint probability distribution table is formed as follows

Y - 0 1 2 3 Sum
X1
0 0 k 2k 3k 6k
1 2k 3k 4k Sk 14k
2 4k Sk 6k Tk 22k
Sum 6k Ok 12k 15k 42k

I1BMATCS301

i)  We must have , 42k =1

1
k=
42

i1) Marginal probability distribution is as follows

f(x) 6/47 14745 22/ 42
g(yj 6/42 2/4-2 15/4-2




iii) It can be easily seen that f (x;). g(yj) * Jij

Hence the random variables are dependent.

i) E(X) = Xix: f () EY)=2X;y90))

B = 0(54) + DY) + D C%42) B0 = 0(42) + DCa2) + D(%42) + ®(542)
E(X) = 58/42 E(Y) = 39/21

Thus, E(X) = pty = 29/, E(Y) = py =13/,

EXY) = Z xi¥ilij

iLj
E(XY) = (0)(0 + k + 4k + 9%) + (1)(0 + 3k + 8k + 15k) + (2)(0 + 5k + 12k + 21k)
E(XY) = 0 + 26k + 76k

E(XY) = 102k = 102
N 42
Thus, E(XY) = g
V)  E(X?) = Xix?f(x) E(Y®) =Y/ 90))
EX?) =0+ 017 (2)+ @ (E) E(r?) = (©0)+ (1) (2)+ @ (2)+6H (2)
2y — 102 2y — 192
E(X)—42 E(Y)_42
Thus, E(X?) = g E(Y?) = %
vi) of = E(X?) — uk of = E(Y?) —up
17 /29\2 32 /13\?
i=7-G) a-2-()
7 \21 7 7
2 _ 230 2 _ 495
X = % T
_ Y230 _ Y495
Ox = 27 Y 21

Thus, o4 = 0.72 and oy = 1.06
vii) Let X = {x;} = {x1, x5, x3} = {0,1,2} respectively.
Y = {yj} = {y1., V2 V3, Va} = {0,1,2,3} respectively.
Al =0 =1 =2/ =3/
s0, J11 » J12 42 » J13 42> J1a 42

J21 = 2/42, J22 = 3/42, J23 = 4/42, J2a = 5/42

T
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J31 = 4/42, J32 = 5/42: J3z3 = 6/42’ J34 = 7/42
Now, P(X = 1,Y = 2) = f(x2,¥3) = Jo3 = ¥/4 = */
PX=2Y=1)=f(x3y2) =Js2 = 5/42
viii) (X,Y) = {(1,0), (1,1), (1,2), (2,0), (2,1), (2,2)} = {(x2, 1), (x2, ¥2), (02, ¥3), (x3, 1), (%3, ¥2), (x5, ¥3)}
P(X = 1Y <2) = 1122 23t 31132133
PX21LY<S2)=—totototo o=

P(X21,Ys2)=§

To find P(X + Y > 2)

X,Y) ={(0,3)(1,2)(1,3)(2,1)(2,2)(2,3) }
= {(x1, ¥4), (x2,¥3), (X2, Y1), (X3, ¥2), (x3,¥3), (X3, ¥4)}

P(X +Y > 2) = Jiat] a3t 24t 32133134

PX+Y>2) =424 24240, 7%
42 42 42 42 42

2 a2
5

P(X+Y>2)=;

6. A fair coin is tossed thrice. The random variables X and Y are defined as follows.
X = 0or 1 according as head or tail occurs on the first toss. Y = Number of heads
1) Determine the distributions of X and Y.
i) Determine the joint distribution of X and Y.
iii) Obtain the expectations of X, Y and XY. Also find S.D’sof X and Y.
iv) Compute the covariance and correlation of X and Y.

Sol: The sample space S and the association of random variables X and Y is given by the

following table
X 0 0 0 0 1 1 1 1
Y 3 2 2 1 2 1 1 0

i) The probability distribution of X and Y is found as follows.
X={x}={01} and Y ={y;}={0,123}

4 1

1
PX=0)====> ; PX=1)=:=-

P(Y =0)== P(Y=1)=> ;P(¥=2)=2 P(r=3)=1

T
I1BMATCS301 11



Thus, we have the following probability distribution of X and Y.

fx) 1 1
2 2
gy 1 3 3 1
8 8 8

ii) The joint distribution of X and Y is found by computing J;; = P(X = x;,Y = y;) where
wehave x; =0, x,=1 and y;,=0,y,=1,y3=2,y,=3
J11=P(X =0,Y =0) =0 (X =0 implies that there is a head turn out and Y the total

number of heads is 0, outcome is impossible)

2 1
Js=PX=0Y=2)=-=7  Ju=PX=0Y=3)=

Ji2=P(X=0Y=1)= y
(out comes are HHT and HTH) (out come is HHH)

1
8
(Corresponding to the out come HTT)

]21=P(X=1,Y=0)=% ; out come is TTT
/22=P(X=1,Y=1)=§=% ; out come is THT, TTH
]23=P(X=1.Y=2)=% ; out come is THH
Joa=PX=1Y=3)=0 ; since the out come is impossible.

The required joint probability distribution of X and Y is as follows.

Y - 0 1 2 3 Sum
X!

0 0 1 1 1 1
8 2
1 1 1 1 0 1
8 8 2
Sum 1 3 3 1 1

8 8 8 8

T
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iii) EQX) = X%, f () EY) =3;v19(y)

ECO) = (0)(1/,) + (/) E) = 0)(Yg) + W(3/g) + @(3/g) + B (V/g)
EX) =1/, E(Y) =12/
Thus, E(X) = uy = 1/2 E(Y) = py = 3/2

Now, E(XY) = X, j x;¥;/ij
E(xY) =0+ @D () + @) (1/g)+0
E(XY) =1/, +2/g

Thus, E(XY) = 1/,

Also, of = E(X*) — uk of = E(Y?) —up
Now, E(X?) = ¥ x7 f (x;) E(Y?) =3X;% f()
EX?) =) (3)+ 02 (3) Er) =0 )+ @)+ @)+ 692
E(X?) = % E(Y?) =3
1 [1\% 3\2
ot =5-3) ot =3-(3)
O')? = % O'YZ = %
1 V3
Ox = E Oy = 7

iv) We have Cov(X,Y) = E(XY) — E(X)E(Y)

Cov(X,Y) = % _ % %
Cov(X,)Y) = _%
Also, p(X,Y) = Ctzvx(j;Y)
_
ST
pX,Y) = ——

V3

7. Let X be a random variable with the following distribution and Y is defined to be X?
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f(x) z
4

| —
el
| =

Determine 1) the distribution g of Y i1) the joint distribution of X and Y
i) E(X), E(Y),E(XY) iv) Cov(X,Y) v)p(X,Y)
Sol: Here Y is defined to be X2.

The distribution g of Y is given by

g

1
2

i) The joint distribution of X and Y is

Y - 1 4
X!
2 0 1
[l 1 0
4
1 1 0
4
2 0 1
i) EX) = X %, £ (%) EY)=X;y90)
EC) = (-D(Y,) + 2 (Yg) + O(1/s) + @(Yy) EW) =W/ + @ (/)
E(X) =0 E(Y) =°/,
Thus, E(X) = pty = 0 E(Y) = py = 5/,

Now, E(XY) =%, ; x;ylij
E(XY) = (=2)(0) + (—2)(1) + (_1)(1/4) + (=1(0) + (1)(1/4) + (1)(0) + (2)(0) + (2)(1)

EXY)=-2-1/,+1/,+2
s
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Thus, E(XY) = 0

Also, o = E(X?) — u2 oy = E(Y?) —

Now, E(X2) = ¥, x2f (x;) E(Y?) =3%;% f))

EX?) = (DA () + (=22 () + D () + @D () E(r?) =12 (3)+ ¢ (3)
E(x?) = E(r?) ==

iv) Cov(X,Y) = E(XY) — ECOE(Y)

Cov(x,¥) = 0-0(%/,)

Cov(X,Y)=0
C XY
V) p(X,¥) =220
0
pX,Y) =

(1.581)(1.658)
p(X,Y) =0

8. The joint probability function of two discrete random variables X and Y is given by
f(x,y) = cxy forx = 1,2,3 and y = 1,2,3. Find the following

i) Constant ¢ i)P(X=2,¥=3) ii)P1<X<2,Y<2) ivyP(X=2) v) P(Y <2)
ViyP(X=1) v)P(Y =3)

T
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  X  


  Y


  X  


  Y


  P  ( X = x , Y = y ) = f ( x , y )


  f ( x , y )


  f  ( x , y ) ≥ 0


    ∑  x    ∑  y  f  ( x , y ) = 1


  X =  {   x 1   , x 2   , … . , x  m }


  Y =  {   y 1   , y 2   , … . , y  n }


  P  ( X =   x  i , Y =   y  j ) = f (   x  i ,   y  j )


    J  i j


  X


    x 1   , x 2   , … . , x  n


  f ( x )


  X


    𝜇  X = E  ( X ) =   ∑  i = 1  n    x  i f (   x  i )


  X


  V  ( X ) =   ∑  i = 1  n    x  i 2 f (   x  i ) −   𝜇 2


  𝜇


  X


  V = E  (   X 2 ) −   𝜇  X 2


  X


    𝜎  X =  V ( X )


  X  


  Y


  f ( x , y )


  X  


  Y


    𝜇  X = E  ( X ) =   ∑  i    x  i f (   x  i )


    𝜇  Y = E  ( Y ) =   ∑  j    y  j g (   y  j )


    𝜇  Y = E  ( Y ) =   ∑  j    y  j g (   y  j )


  E  ( X Y ) =   ∑  i , j      x  i y  j   J  i j


  X  


  Y


   μ X  [ orE  ( X ) ]


   μ Y  [ orE  ( Y ) ]


  X  


  Y


  Cov  ( X , Y ) = E  ( XY ) − E  ( X ) E ( Y )


  X  


  Y


  𝜌 ( X , Y )


  𝜌  ( X , Y ) =   C o v ( X , Y )    𝜎  X   𝜎  Y


    𝜎  X 2 = E  (   X 2 ) −   𝜇  X 2


    𝜎  Y 2 = E  (   Y 2 ) −   𝜇  Y 2


  X  


  Y


  E  ( X Y ) = E  ( X ) E ( Y )


  C o v  ( X , Y ) = 0       a n d   𝜌  ( X , Y ) = 0


  X  


  Y


  Y → X ↓


   1 8


   1 4


   1 8


   1 4


   1 8


   1 8


  E  ( X )


  E  ( Y )


  E  ( X Y )


    𝜎  X


    𝜎  Y


  C o v  ( X , Y )


  𝜌  ( X , Y )


  X


  Y


  Y →


  X ↓


  X ↓


  f (   x  i )


   1 8


   1 4


   1 8


   1 8 +  1 4 +  1 8 =  1 2


   1 4


   1 8


   1 8


   1 4 +  1 8 +  1 8 =  1 2


  g (   y  j )


   1 8 +  1 4 =  3 8


   1 4 +  1 8 =  3 8


   1 8 +  1 8 =  1 4


  X


    x  i


  f (   x  i )


   1 2


   1 2


  Y


    y  j


  g (   y  j )


   3 8


   3 8


   1 4


  E  ( X ) =   ∑  i    x  i f (   x  i )


  E  ( Y ) =   ∑  j    y  j g (   y  j )


  E  ( X ) =  ( 1 )  (  1 2 ) +  ( 5 )  (  1 2 )


    E  ( Y ) =  ( − 4 )  (  3 8 ) +  ( 2 )  (  3 8 ) +  ( 7 )  (  1 4 )


  E  ( X ) =  1 2 +  5 2                                                         E  ( Y ) = −  3 2 +  3 4 +  7 4


  E  ( X ) =   𝜇  X = 3


  E  ( Y ) =   𝜇  Y = 1


  E  ( X Y ) =   ∑  i , j      x  i y  j   J  i j


  E  ( X Y ) =  ( 1 )  ( − 4 )  (  1 8 ) +  ( 1 )  ( 2 )  (  1 4 ) +  ( 1 )  ( 7 )  (  1 8 ) +  ( 5 )  ( − 4 )  (  1 4 ) +  ( 5 )  ( 2 )  (  1 8 ) +  ( 5 )  ( 7 )  (  1 8 )


  E  ( X Y ) = −  1 4 +  1 2 +  7 8 − 5 +  5 4 +  35 8


  E  ( X Y ) = −  1 4 +  1 2 +  7 8 − 5 +  5 4 +  35 8


  E  ( X Y ) =  3 2


    𝜎  X 2 = E  (   X 2 ) −   𝜇  X 2  


    𝜎  Y 2 = E  (   Y 2 ) −   𝜇  Y 2


  E  (   X 2 ) =   ∑  i    x  i 2 f (   x  i )


  E  (   Y 2 ) =   ∑  j    y  j 2 f (   y  j )


  E  (   X 2 ) =  (  1 2 )  (  1 2 ) +  (  5 2 )  (  1 2 )


  E  (   Y 2 ) =  (   ( − 4 ) 2 )  (  3 8 ) +  (  2 2 )  (  3 8 ) +  (  7 2 )  (  1 4 )


    E  (   X 2 ) = 13


                        E  (   Y 2 ) =  79 4


  ∴


    𝜎  X 2 = 13 −  3 2  


    𝜎  Y 2 =  79 4 −  1 2


    𝜎  X 2 = 4  


    𝜎  Y 2 =  75 4


    𝜎  X = 2


    𝜎  Y = 4 . 33


  C o v  ( X , Y ) = E  ( X Y ) − E  ( X ) E ( Y )


  C o v  ( X , Y ) =  3 2 − ( 3 ) ( 1 )


  C o v  ( X , Y ) = −  3 2


  𝜌  ( X , Y ) =   C o v ( X , Y )    𝜎  X   𝜎  Y


  𝜌  ( X , Y ) =   −  3 2  ( 2 ) ( 4 . 33 )  


  𝜌  ( X , Y ) = − 0 . 1732


  X


  Y


  Y →


  X ↓


  X


  X , Y


  X Y


  X , Y


  X


  Y


  X


  Y .


  X


  Y


  P  ( X + Y > 0 ) .


  X  


    x  i


  f (   x  i )


  Y


    y  j


  g (   y  j )


  E  ( X ) =   ∑  i    x  i f (   x  i )


  E  ( Y ) =   ∑  j    y  j g (   y  j )


  E  ( X ) =  ( 1 )  ( 0 . 6 ) +  ( 2 )  ( 0 . 4 )


    E  ( Y ) =  ( − 2 )  ( 0 . 3 ) +  ( − 1 )  ( 0 . 3 ) +  ( 4 )  ( 0 . 1 ) + ( 5 ) ( 0 . 3 )


  E  ( X ) = 0 . 6 + 0 . 8                                         E  ( Y ) = − 0 . 6 − 0 . 3 + 0 . 4 + 1 . 5


  E  ( X ) =   𝜇  X = 1 . 4


  E  ( Y ) =   𝜇  Y = 1


  E  ( X Y ) =   ∑  i , j      x  i y  j   J  i j


  E  ( X Y ) =  ( 1 )  ( − 2 )  ( 0 . 1 ) +  ( 1 )  ( − 1 )  ( 0 . 2 ) +  ( 1 )  ( 4 )  ( 0 ) +  ( 1 )  ( 5 )  ( 0 . 3 ) +  ( 2 )  ( − 2 )  ( 0 . 2 ) +  ( 2 )  ( − 1 )  ( 0 . 1 ) +  ( 2 )  ( 4 )  ( 0 . 1 )


  E  ( X Y ) =  ( 1 )  ( − 2 )  ( 0 . 1 ) +  ( 1 )  ( − 1 )  ( 0 . 2 ) +  ( 1 )  ( 4 )  ( 0 ) +  ( 1 )  ( 5 )  ( 0 . 3 ) +  ( 2 )  ( − 2 )  ( 0 . 2 ) +  ( 2 )  ( − 1 )  ( 0 . 1 ) +  ( 2 )  ( 4 )  ( 0 . 1 )


  +  ( 2 )  ( 5 )  ( 0 )


  E  ( X Y ) = − 0 . 2 − 0 . 2 + 0 + 1 . 5 − 0 . 8 − 0 . 2 + 0 . 8 + 0


  E  ( X Y ) = 0 . 9


    𝜎  X 2 = E  (   X 2 ) −   𝜇  X 2  


    𝜎  Y 2 = E  (   Y 2 ) −   𝜇  Y 2


  E  (   X 2 ) =   ∑  i    x  i 2 f (   x  i )


  E  (   Y 2 ) =   ∑  j    y  j 2 g (   y  j )


  E  (   X 2 ) =  (  1 2 )  ( 0 . 6 ) +  (  2 2 )  ( 0 . 4 )


  E  (   Y 2 ) =  (   ( − 2 ) 2 )  ( 0 . 3 ) +  (   ( − 1 ) 2 )  ( 0 . 3 ) +  (  4 2 )  ( 0 . 1 ) +  (  5 2 )  ( 0 . 3 )


    E  (   X 2 ) = 2 . 2


                    E  (   Y 2 ) = 10 . 6


  ∴


    𝜎  X 2 = 2 . 2 −   ( 1 . 4 ) 2  


    𝜎  Y 2 = 10 . 6 −  1 2


    𝜎  X 2 = 0 . 24  


    𝜎  Y 2 = 9 . 6


    𝜎  X = 0 . 49


    𝜎  Y = 3 . 1


  C o v  ( X , Y ) = E  ( X Y ) − E  ( X ) E ( Y )


  C o v  ( X , Y ) = 0 . 9 −  ( 1 . 4 )  ( 1 )


  C o v  ( X , Y ) = − 0 . 5


  𝜌  ( X , Y ) =   C o v ( X , Y )    𝜎  X   𝜎  Y


  𝜌  ( X , Y ) =   − 0 . 5  ( 0 . 49 ) ( 3 . 1 )  


  𝜌  ( X , Y ) = − 0 . 3


  X


  Y


  f  (   x  i ) . g  (   y  j ) =   J  i j


  f  (   x 1 ) . g  (   y 1 ) =  ( 0 . 6 )  ( 0 . 3 ) = 0 . 18


    J 11 = 0 . 1


  f  (   x  i ) . g  (   y  j ) ≠   J  i j


  X


  Y


  X =  {   x  i } =  {   x 1 ,   x 2 } =  { 1 , 2 }


          Y =  {   y  j } =  {   y 1 ,   y 2 ,   y 3 ,   y 4 } =  { − 2 , − 1 , 4 , 5 }


    J 11 = 0 . 1


    J 12 = 0 . 2


    J 13 = 0  


    J 14 = 0 . 3


    J 21 = 0 . 2


    J 22 = 0 . 1


    J 23 = 0 . 1  


    J 24 = 0


  X + Y > 0


  ( X , Y )


   (   x 1 ,   y 3 ) = ( 1 , 4 )


   (   x 1 ,   y 4 ) = ( 1 , 5 )


   (   x 2 ,   y 2 ) = ( 2 , − 1 )


   (   x 2 ,   y 3 ) = ( 2 , 4 )


   (   x 2 ,   y 4 ) = ( 2 , 5 )


  P  ( X + Y > 0 ) =   J 13 +   J 14 +   J 22 +   J 23 +   J 24


  P  ( X + Y > 0 ) = 0 + 0 . 3 + 0 . 1 + 0 . 1 + 0


  P  ( X + Y > 0 ) = 0 . 5


    X


  Y


  X


  Y


  C o v  ( X , Y ) = 0 .


    x  i


  f  (   x  i )


    y  j


  g  (   y  j )


  X


  Y


  J  ( x , y )


  f  (   x  i ) . g  (   y  j ) =   J  i j


    J  i j


    J  i j


    J 11 = f  (   x 1 ) . g  (   y 1 ) =  ( 0 . 7 )  ( 0 . 3 ) = 0 . 21


    J 12 = f  (   x 1 ) . g  (   y 2 ) =  ( 0 . 7 )  ( 0 . 5 ) = 0 . 35


    J 12 = f  (   x 1 ) . g  (   y 2 ) =  ( 0 . 7 )  ( 0 . 5 ) = 0 . 35


    J 13 = f  (   x 1 ) . g  (   y 3 ) =  ( 0 . 7 )  ( 0 . 2 ) = 0 . 14


    J 13 = f  (   x 1 ) . g  (   y 3 ) =  ( 0 . 7 )  ( 0 . 2 ) = 0 . 14


    J 21 = f  (   x 2 ) . g  (   y 1 ) =  ( 0 . 3 )  ( 0 . 3 ) = 0 . 09


    J 21 = f  (   x 2 ) . g  (   y 1 ) =  ( 0 . 3 )  ( 0 . 3 ) = 0 . 09


    J 22 = f  (   x 2 ) . g  (   y 2 ) =  ( 0 . 3 )  ( 0 . 5 ) = 0 . 15


    J 22 = f  (   x 2 ) . g  (   y 2 ) =  ( 0 . 3 )  ( 0 . 5 ) = 0 . 15


    J 23 = f  (   x 2 ) . g  (   y 3 ) =  ( 0 . 3 )  ( 0 . 2 ) = 0 . 06


    J 23 = f  (   x 2 ) . g  (   y 3 ) =  ( 0 . 3 )  ( 0 . 2 ) = 0 . 06


  Y →


  X ↓


  f  (   x  i )


  g  (   y  j )


  C o v  ( X , Y ) = E  ( X Y ) − E  ( X ) E  ( Y )


  E  ( X ) =   ∑  i    x  i f (   x  i )


  E  ( Y ) =   ∑  j    y  j g (   y  j )


  E  ( X ) =  ( 1 )  ( 0 . 7 ) +  ( 2 )  ( 0 . 3 )


    E  ( Y ) =  ( − 2 )  ( 0 . 3 ) +  ( 5 )  ( 0 . 5 ) +  ( 8 )  ( 0 . 2 )


  E  ( X ) = 0 . 7 + 0 . 6                                               E  ( Y ) = − 0 . 6 + 2 . 5 + 1 . 6


  E  ( X ) =   𝜇  X = 1 . 3


  E  ( Y ) =   𝜇  Y = 3 . 5


  E  ( X Y ) =   ∑  i , j      x  i y  j   J  i j


  E  ( X Y ) =  ( 1 )  ( − 2 )  ( 0 . 21 ) +  ( 1 )  ( 5 )  ( 0 . 35 ) +  ( 1 )  ( 8 )  ( 0 . 14 ) +  ( 2 )  ( − 2 )  ( 0 . 09 ) +  ( 2 )  ( 5 )  ( 0 . 15 ) +  ( 2 )  ( 8 )  ( 0 . 06 )


  E  ( X Y ) =  ( 1 )  ( − 2 )  ( 0 . 21 ) +  ( 1 )  ( 5 )  ( 0 . 35 ) +  ( 1 )  ( 8 )  ( 0 . 14 ) +  ( 2 )  ( − 2 )  ( 0 . 09 ) +  ( 2 )  ( 5 )  ( 0 . 15 ) +  ( 2 )  ( 8 )  ( 0 . 06 )


  E  ( X Y ) = − 0 . 42 + 1 . 75 + 1 . 12 − 0 . 36 + 1 . 5 + 0 . 96


  E  ( X Y ) = − 0 . 42 + 1 . 75 + 1 . 12 − 0 . 36 + 1 . 5 + 0 . 96


  E  ( X Y ) = 4 . 55


  C o v  ( X , Y ) = 4 . 55 −  ( 1 . 3 )  ( 3 . 5 ) = 0


  C o v  ( X , Y ) = 0


  X


  Y


  X


  Y


  X


  2 , 5 , 7


   1 2 ,  1 4 ,  1 4


  Y


  3 , 4 , 5


   1 3 ,  1 3 ,  1 3


  X


  Y


  X


  Y


  Z = X + Y


    x  i


  f  (   x  i )


   1 2


   1 4


   1 4


    y  j


  g  (   y  j )


   1 3


   1 3


   1 3


    J  i j = f  (   x  i ) . g  (   y  j )


  i , j = 1 , 2 , 3


    J 11 = f  (   x 1 ) . g  (   y 1 ) =  1 2 .  1 3 =  1 6


    J 12 = f  (   x 1 ) . g  (   y 2 ) =  1 2 .  1 3 =  1 6


    J 13 = f  (   x 1 ) . g  (   y 3 ) =  1 2 .  1 3 =  1 6


    J 21 = f  (   x 2 ) . g  (   y 1 ) =  1 4 .  1 3 =  1 12


    J 22 = f  (   x 2 ) . g  (   y 2 ) =  1 4 .  1 3 =  1 12


    J 23 = f  (   x 2 ) . g  (   y 3 ) =  1 4 .  1 3 =  1 12


    J 31 = f  (   x 3 ) . g  (   y 1 ) =  1 4 .  1 3 =  1 12


    J 32 = f  (   x 3 ) . g  (   y 2 ) =  1 4 .  1 3 =  1 12


    J 33 = f  (   x 3 ) . g  (   y 3 ) =  1 4 .  1 3 =  1 12


  Y →


  X ↓


  f  (   x  i )


   1 6


   1 6


   1 6


   1 2


   1 12


   1 12


   1 12


   1 4


   1 12


   1 12


   1 12


   1 4


  g  (   y  j )


   1 3


   1 3


   1 3


  C o v  ( X , Y ) = E  ( X Y ) − E  ( X ) E  ( Y )


  E  ( X ) =   ∑  i    x  i f (   x  i )


  E  ( Y ) =   ∑  j    y  j g (   y  j )


  E  ( X ) =  ( 2 )  (  1 2 ) +  ( 5 )  (  1 4 ) +  ( 7 )  (  1 4 )                                                                                 E  ( Y ) =  ( 3 )  (  1 3 ) +  ( 4 )  (  1 3 ) +  ( 5 )  (  1 3 )


  E  ( X ) = 4                                                                          E  ( Y ) = 4


  E  ( X ) = 4                                                                          E  ( Y ) = 4


  E  ( X ) =   𝜇  X = 4


  E  ( Y ) =   𝜇  Y = 4


  E  ( X Y ) =   ∑  i , j      x  i y  j   J  i j


  E  ( X Y ) =  ( 2 )  ( 3 )  (  1 6 ) +  ( 2 )  ( 4 )  (  1 6 ) +  ( 2 )  ( 5 )  (  1 6 ) +  ( 5 )  ( 3 )  (  1 12 ) +  ( 5 )  ( 4 )  (  1 12 ) +  ( 5 )  ( 5 )  (  1 12 ) +  ( 7 )  ( 3 )  (  1 12 ) +  ( 7 )  ( 4 )  (  1 12 ) +  ( 7 )  ( 5 )  (  1 12 )


  E  ( X Y ) =  ( 2 )  ( 3 )  (  1 6 ) +  ( 2 )  ( 4 )  (  1 6 ) +  ( 2 )  ( 5 )  (  1 6 ) +  ( 5 )  ( 3 )  (  1 12 ) +  ( 5 )  ( 4 )  (  1 12 ) +  ( 5 )  ( 5 )  (  1 12 ) +  ( 7 )  ( 3 )  (  1 12 ) +  ( 7 )  ( 4 )  (  1 12 ) +  ( 7 )  ( 5 )  (  1 12 )


  E  ( X Y ) = 16


  E  ( X Y ) = 16


  E  ( X Y ) = 16


  C o v  ( X , Y ) = 16 −  ( 4 )  ( 4 ) = 0


  Z = X + Y


    z  i =   x  i +   y  i


   {   z  i } =  { 5 , 6 , 7 , 8 , 9 , 10 , 11 , 12 }


   1 6


   1 6


   1 6


   1 12


   1 12


   1 12 +  1 12


   1 12


   1 12


  Z = X + Y


  Z


  P ( Z


   1 6


   1 6


   1 6


   1 12


   1 12


   1 12 +  1 12 =  1 6


   1 12


   1 12


   ∑  P  ( Z ) = 1 .


  X


  Y


  f  ( x , y ) = k  ( 2 x + y )


  x


  y


  0 ≤ x ≤ 2


  0 ≤ y ≤ 3


  X


  Y


  X


  Y


  E  ( X ) E  ( Y ) , E  ( X Y )


  E  (   X 2 ) , E  (   Y 2 )


    𝜎  X ,   𝜎  Y


  P  ( X = 1 , Y = 2 )


  P  ( X = 2 , Y = 1 )


  P  ( X ≥ 1 , Y ≤ 2 )


  P  ( X + Y > 2 )


  X =  {   x  i } =  { 0 , 1 , 2 }


  Y =  {   y  j } =  { 0 , 1 , 2 , 3 }


  f  ( x , y ) = k ( 2 x + y )


  Y →  


  X ↓


  k


  k


  3 k


  k


  k


  k


  4 k


  k


  k


  4 k


  k


  k


  k


  k


  6 k


  k


  k


  k


  k


  42 k = 1


  𝒌 =   𝟏  𝟒 𝟐


    𝒙  𝒊


  f (   x  i )


   6 42


   14 42


   22 42


    𝒚  𝒋


  g (   y  j )


   6 42


   9 42


   12 42


   15 42


  f  (   x  i ) . g  (   y  j ) ≠   J  i j


  E  ( X ) =   ∑  i    x  i f (   x  i )


  E  ( Y ) =   ∑  j    y  j g (   y  j )


  E  ( X ) =  ( 0 )  (  6 42 ) +  ( 1 )  (  14 42 ) +  ( 2 )  (  22 42 )                                                                                                   E  ( Y ) =  ( 0 )  (  6 42 ) +  ( 1 )  (  9 42 ) +  ( 2 )  (  12 42 ) +  ( 3 )  (  15 42 )


  E  ( X ) =  58 42                                                                                                                                                 E  ( Y ) =  39 21


  E  ( X ) =  58 42                                                                                                                                                 E  ( Y ) =  39 21


  𝑬  ( 𝑿 ) =   𝝁  𝑿 =   𝟐 𝟗  𝟐 𝟏                                                                                                           𝑬  ( 𝒀 ) =   𝝁  𝒀 =   𝟏 𝟑  𝟕


  E  ( X Y ) =   ∑  i , j      x  i y  j   J  i j


  E  ( X Y ) =  ( 0 )  ( 0 + k + 4 k + 9 k ) +  ( 1 )  ( 0 + 3 k + 8 k + 15 k ) + ( 2 ) ( 0 + 5 k + 12 k + 21 k )


  E  ( X Y ) =  ( 0 )  ( 0 + k + 4 k + 9 k ) +  ( 1 )  ( 0 + 3 k + 8 k + 15 k ) + ( 2 ) ( 0 + 5 k + 12 k + 21 k )


  E  ( X Y ) = 0 + 26 k + 76 k


  E  ( X Y ) = 0 + 26 k + 76 k


  E  ( X Y ) = 102 k =  102 42


  E  ( X Y ) = 102 k =  102 42


  𝑬  ( 𝑿 𝒀 ) =   𝟏 𝟕  𝟕


  E  (   X 2 ) =   ∑  i    x  i 2 f (   x  i )


  E  (   Y 2 ) =   ∑  j    y  j 2 g (   y  j )


  E  (   X 2 ) =  ( 0 ) +  (  1 2 )  (  14 42 ) +  (  2 2 )  (  22 42 )


  E  (   Y 2 ) = ( 0 ) +  (  1 2 )  (  9 42 ) +  (  2 2 )  (  12 42 ) +  (  3 2 )  (  15 42 )


    E  (   X 2 ) =  102 42


                        E  (   Y 2 ) =  192 42


  𝑬  (   𝑿  𝟐 ) =   𝟏 𝟕  𝟕


                        𝑬  (   𝒀  𝟐 ) =   𝟑 𝟐  𝟕


    𝜎  X 2 = E  (   X 2 ) −   𝜇  X 2                                                                                                                 𝜎  Y 2 = E  (   Y 2 ) −   𝜇  Y 2


      𝜎  X 2 =  17 7 −    (  29 21 ) 2                                                                                                                       𝜎  Y 2 =  32 7 −    (  13 7 ) 2


      𝜎  X 2 =  230 441


      𝜎  Y 2 =  495 441


    𝜎  X =    230 21


    𝜎  Y =    495 21


    𝝈  𝑿 = 𝟎 . 𝟕 𝟐


    𝝈  𝒀 = 𝟏 . 𝟎 𝟔


  X =  {   x  i } =  {   x 1 ,   x 2 ,   x 3 } =  { 0 , 1 , 2 }


          Y =  {   y  j } =  {   y 1 ,   y 2 ,   y 3 ,   y 4 } =  { 0 , 1 , 2 , 3 }


    J 11 = 0


    J 12 =  1 42


    J 13 =  2 42


    J 14 =  3 42


    J 21 =  2 42


    J 22 =  3 42


    J 23 =  4 42


    J 24 =  5 42


    J 31 =  4 42


    J 32 =  5 42


    J 33 =  6 42


    J 34 =  7 42


  P  ( X = 1 , Y = 2 ) = f  (   x 2 ,   y 3 ) =   J 23 =  4 42 =  2 21


  P  ( X = 2 , Y = 1 ) = f  (   x 3 ,   y 2 ) =   J 32 =  5 42


   ( X , Y ) =  {  ( 1 , 0 ) ,  ( 1 , 1 ) ,  ( 1 , 2 ) ,  ( 2 , 0 ) ,  ( 2 , 1 ) ,  ( 2 , 2 ) } =  {  (   x 2 ,   y 1 ) ,  (   x 2 ,   y 2 ) ,  (   x 2 ,   y 3 ) ,  (   x 3 ,   y 1 ) ,  (   x 3 ,   y 2 ) ,  (   x 3 ,   y 3 ) }


    P  ( X ≥ 1 , Y ≤ 2 ) =   J 21


    J 22


    J 23


    J 31


    J 32


    J 33


  P  ( X ≥ 1 , Y ≤ 2 ) =  2 42 +  3 42 +  4 42 +  4 42 +  5 42 +  6 42 =  24 42


  𝑷  ( 𝑿 ≥ 𝟏 , 𝒀 ≤ 𝟐 ) =   𝟒  𝟕


  𝑷  ( 𝑿 + 𝒀 > 𝟐 )


   ( X , Y ) =  { ( 𝟎 , 𝟑 ) ( 𝟏 , 𝟐 ) ( 𝟏 , 𝟑 ) ( 𝟐 , 𝟏 ) ( 𝟐 , 𝟐 ) ( 𝟐 , 𝟑 )   } =  {  (   x 1 ,   y 4 ) ,  (   x 2 ,   y 3 ) ,  (   x 2 ,   y 4 ) ,  (   x 3 ,   y 2 ) ,  (   x 3 ,   y 3 ) ,  (   x 3 ,   y 4 ) }


  P  ( X + Y > 2 ) =   J 14


    J 23


    J 24


    J 32


    J 33


    J 34


  P  ( X + Y > 2 ) =  3 42 +  4 42 +  5 42 +  5 42 +  6 42 +  7 42 =  30 42


  𝑷  ( 𝑿 + 𝒀 > 𝟐 ) =   𝟓  𝟕


  X   a n d   Y


  X = 0   o r   1


  Y = N u m b e r   o f   h e a d s


  X   a n d   Y .


  X   a n d   Y


  X , Y   a n d   X Y .


  X   a n d   Y


  X   a n d   Y


  S


  X   a n d   Y


  𝑺


  𝑯 𝑯 𝑯


  𝑯 𝑯 𝑻


  𝑯 𝑻 𝑯


  𝑯 𝑻 𝑻


  𝑻 𝑯 𝑯


  𝑻 𝑯 𝑻


  𝑻 𝑻 𝑯


  𝑻 𝑻 𝑻


  X


  Y


  X   a n d   Y


  X =  {   x  i } =  { 0 , 1 }


  Y =  {   y  j } =  { 0 , 1 , 2 , 3 }


  P  ( X = 0 ) =  4 8 =  1 2


  P  ( X = 1 ) =  4 8 =  1 2


  P  ( Y = 0 ) =  1 8  


  P  ( Y = 1 ) =  3 8


  P  ( Y = 2 ) =  3 8


  P  ( Y = 3 ) =  1 8


  X   a n d   Y .


    x  i


    f ( x  i )


   1 2


   1 2


    y  j


    g ( y  j )


   1 8


   3 8


   3 8


   1 8


  X   a n d   Y


    J  i j = P ( X =   x  i , Y =   y  j )


    x 1 = 0


    x 2 = 1


    y 1 = 0


    y 2 = 1 ,   y 3 = 2


    y 4 = 3


    J 11 = P ( X = 0 , Y = 0 ) = 0


  X = 0


  Y


    J 12 = P  ( X = 0 , Y = 1 ) =  1 8


    J 13 = P  ( X = 0 , Y = 2 ) =  2 8 =  1 4


    J 14 = P ( X = 0 , Y = 3 ) =  1 8


    J 21 = P  ( X = 1 , Y = 0 ) =  1 8


    J 22 = P  ( X = 1 , Y = 1 ) =  2 8 =  1 4


    J 23 = P  ( X = 1 , Y = 2 ) =  1 8


    J 24 = P  ( X = 1 , Y = 3 ) = 0


  X   a n d   Y


  𝒀 →


  𝑿 ↓


  𝑿 ↓


   1 8


   1 4


   1 8


   1 2


   1 8


   1 4


   1 8


   1 2


   1 8


   3 8


   3 8


   1 8


  E  ( X ) =   ∑  i    x  i f  (   x  i )


  E  ( Y ) =   ∑  j    y  j g  (   y  j )


  E  ( X ) =  ( 0 )  (  1 2 ) +  ( 1 )  (  1 2 )                                           E  ( Y ) =  ( 0 )  (  1 8 ) +  ( 1 )  (  3 8 ) +  ( 2 )  (  3 8 ) +  ( 3 )  (  1 8 )


  E  ( X ) =  1 2                                                                                                                                                       E  ( Y ) =  12 8


  E  ( X ) =  1 2                                                                                                                                                       E  ( Y ) =  12 8


  𝑬  ( 𝑿 ) =   𝝁  𝑿 =   𝟏  𝟐                                                                                                           𝑬  ( 𝒀 ) =   𝝁  𝒀 =   𝟑  𝟐


  E  ( X Y ) =   ∑  i , j      x  i y  j   J  i j


  E  ( X Y ) = 0 +  ( 1 )  ( 1 )  (  1 4 ) +  ( 1 )  ( 2 )  (  1 8 )


  0


  E  ( X Y ) =  1 4 +  2 8


  𝑬  ( 𝑿 𝒀 ) =   𝟏  𝟐


    𝜎  X 2 = E  (   X 2 ) −   𝜇  X 2                                                                                                                 𝜎  Y 2 = E  (   Y 2 ) −   𝜇  Y 2


  E  (   X 2 ) =   ∑  i    x  i 2 f (   x  i )


  E  (   Y 2 ) =   ∑  j    y  j 2 f (   y  j )


  E  (   X 2 ) =  (  0 2 )  (  1 2 ) +  (  1 2 )  (  1 2 )


  E  (   Y 2 ) =  ( 0 )  (  1 8 ) +  (  1 2 )  (  3 8 ) +  (  2 2 )  (  3 8 ) +  (  3 2 )  (  1 8 )


    𝑬  (   𝑿  𝟐 ) =   𝟏  𝟐                                                                                                             𝑬  (   𝒀  𝟐 ) = 𝟑


    𝜎  X 2 =  1 2 −    (  1 2 ) 2


    𝜎  Y 2 = 3 −    (  3 2 ) 2


    𝜎  X 2 =  1 4


    𝜎  Y 2 =  3 4


    𝝈  𝑿 =   𝟏  𝟐


    𝝈  𝒀 =    𝟑  𝟐


  C o v  ( X , Y ) = E  ( X Y ) − E  ( X ) E ( Y )


  C o v  ( X , Y ) =  1 2 −  1 2


   3 2


  𝑪 𝒐 𝒗  ( 𝑿 , 𝒀 ) = −   𝟏  𝟒


  𝜌  ( X , Y ) =   C o v ( X , Y )    𝜎  X   𝜎  Y


  𝜌  ( X , Y ) =   −   𝟏  𝟒   (   𝟏  𝟐 )  (    𝟑  𝟐 )


  𝝆  ( 𝑿 , 𝒀 ) = −   𝟏   𝟑


  X


  Y


   X 2


    x  i


    f ( x  i )


   1 4


   1 4


   1 4


   1 4


  g  


  Y


  X   a n d   Y


  E  ( X ) ,   E  ( Y ) , E ( X Y )


  Cov ( X , Y )


  𝜌 ( X , Y )


  Y


    X 2


  g  


  Y


    y  j


    g ( y  j )


   1 2


   1 2


  X   a n d   Y


  𝒀 →


  𝑿 ↓


  𝑿 ↓


   1 4


   1 4


   1 4


   1 4


  E  ( X ) =   ∑  i    x  i f (   x  i )


  E  ( Y ) =   ∑  j    y  j g (   y  j )


  E  ( X ) =  ( − 1 )  (  1 4 ) +  ( − 2 )  (  1 4 ) +  ( 1 )  (  1 4 ) +  ( 2 )  (  1 4 )                                                               E  ( Y ) =  ( 1 )  (  1 2 ) +  ( 4 )  (  1 2 )


  E  ( X ) = 0                                                                                                                                                                                                         E  ( Y ) =  5 2


  E  ( X ) = 0                                                                                                                                                                                                         E  ( Y ) =  5 2


  𝑬  ( 𝑿 ) =   𝝁  𝑿 = 𝟎                                                                                                                                                         𝑬  ( 𝒀 ) =   𝝁  𝒀 =   𝟓  𝟐


  E  ( X Y ) =   ∑  i , j      x  i y  j   J  i j


      E  ( X Y ) =  ( − 2 )  ( 0 ) +  ( − 2 )  ( 1 ) +  ( − 1 )  (  1 4 ) +  ( − 1 )  ( 0 ) +  ( 1 )  (  1 4 ) +  ( 1 )  ( 0 ) +  ( 2 )  ( 0 ) +  ( 2 )  ( 1 )


  E  ( X Y ) = − 2 −  1 4 +  1 4 + 2


  𝑬  ( 𝑿 𝒀 ) = 𝟎


    𝜎  X 2 = E  (   X 2 ) −   𝜇  X 2                                                                                                                                                                                   𝜎  Y 2 = E  (   Y 2 ) −   𝜇  Y 2


  E  (   X 2 ) =   ∑  i    x  i 2 f (   x  i )


      E  (   Y 2 ) =   ∑  j    y  j 2 f (   y  j )


  E  (   X 2 ) =  (   ( − 1 ) 2 )  (  1 4 ) +  (   ( − 2 ) 2 )  (  1 4 ) +  (   ( 1 ) 2 )  (  1 4 ) +  (   ( 2 ) 2 )  (  1 4 )                                                             E  (   Y 2 ) =  (  1 2 )  (  1 2 ) +  (  4 2 )  (  1 2 )


    𝑬  (   𝑿  𝟐 ) =   𝟓  𝟐                                                                                                                                                                                                               𝑬  (   𝒀  𝟐 ) =  17 2


  Cov  ( X , Y ) = E  ( X Y ) − E  ( X ) E ( Y )


  C o v  ( X , Y ) = 0 − 0  (  5 2 )


  𝑪 𝒐 𝒗  ( 𝑿 , 𝒀 ) = 𝟎


  𝑪 𝒐 𝒗  ( 𝑿 , 𝒀 ) = 𝟎


  𝜌  ( X , Y ) =   C o v ( X , Y )    𝜎  X   𝜎  Y


  𝜌  ( X , Y ) =  0  ( 1 . 581 ) ( 1 . 658 )  


  𝝆  ( 𝑿 , 𝒀 ) = 𝟎


  X


  Y


  f  ( x , y ) = c x y


  x = 1 , 2 , 3


  y = 1 , 2 , 3


  c


  P ( X = 2 ,   Y = 3 )


  P ( 1 ≤ X ≤ 2 ,   Y ≤ 2 )


  P ( X ≥ 2 )


  P ( Y < 2 )


  P ( X = 1 )            


  P ( Y = 3 )

